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Quantum confinement of the transverse electron motion is the major effect governing the superconducting
properties of high-quality metallic nanofilms, leading to a nonuniform transverse distribution of the supercon-
ducting condensate. In this case the order parameter can exhibit significant local enhancements due to these
quantum-size effects and, consequently, quasiparticles have lower energies when they avoid the local enhance-
ments of the pair condensate. Such excitations can be considered as new Andreev-type quasiparticles but now
induced by quantum confinement. By numerically solving the Bogoliubov–de Gennes equations and using
Anderson’s approximate solution to these equations, we: �a� formulate a criterion for such new Andreev-type
states �NATS� and �b� study their effect on the superconducting characteristics in metallic nanofilms. We also
argue that nanofilms made of low-carrier-density materials, e.g., of superconducting semiconductors, can be a
more optimal choice for the observations of NATS and other quantum-size superconducting effects.
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I. INTRODUCTION

Well-controlled downsizing and shaping of nanostructures
below the 10–20 nm scale have become recently possible
due to a sustainable advancement in nanofabrication tech-
nologies. It is expected that in the near future, one will be
able to routinely control surface features as small as 1 nm.1

Another impressive achievement is that the reduction in
sample size is accompanied by a progressive improvement in
quality of micro- and nano-objects. Recently, several experi-
mental groups have reported the fabrication of high-quality
metallic nanostructures with minimal disorder. With today’s
technology, we have at our disposal single-crystal Pb atomi-
cally uniform films with thickness down to a few monolayers
�ML�,2–4 single-crystalline Sn nanowires with width of about
20–40 nm,5,6 and polycrystalline Al nanowires �with practi-
cally no tunnel barrier between grains� with diameters down
to and even below 10 nm.7

The electron mean-free path in high-quality nanofilms and
nanowires was estimated to be about or larger than the speci-
men thickness.4,7,8 The photoemission spectra of such single-
crystal Pb nanofilms exhibited clear signatures of a splitting
of the electron band into a series of subbands due to the
transverse quantization of the electron motion.2 In addition,
even extremely thin single-crystal metallic films, with thick-
ness of about 5–7 ML, show no significant indications of
defect- or phase-driven suppression of superconductivity �see
Ref. 3 and discussion in the second paper given in Ref. 4�.
The same is true for the high-quality nanowires �except for
the most narrow �with width of 6–8 nm� and very long �with
length of 10–50 �m� aluminum samples7,8�. Thus, we may
conclude that the so-called Anderson theorem9 controls the
effect of elastic scattering on inevitable nonmagnetic impu-
rities in this case. Recall that the exact formulation of this
theorem reads “within the linear approximation in the impu-
rity density of the superconducting quantities are not depen-
dent on �−1, the rate of the elastic impurity scattering.”10

Most of the previous theoretical studies deal with super-
conductivity in strongly disordered or granular nanosystems.

In such cases the Anderson theorem is violated due to the
enhancement of the Coulomb repulsion11 and because of me-
soscopic fluctuations12 �see discussion in Ref. 13�. For diffu-
sive electron motion, the Coulomb-interaction effects lead to
a suppression of the critical temperature with increasing
disorder.14 Mesoscopic fluctuations can result in supercon-
ducting islands13 instead of a uniform superconducting con-
densate. In the present investigation, we are focused on me-
tallic nanofilms with minimal disorder, where the Coulomb-
interaction effects and mesoscopic fluctuations are not of
crucial importance. The major mechanism governing super-
conductivity in this nearly clean regime is the quantum-size
confinement of electrons.

Since the classical works by Bogoliubov15 and Gor’kov,16

it is well established that the superconducting order param-
eter ��r� can be treated as a wave function for the center-of-
mass motion of the Cooper pairs. Then, when the transverse
quantization of the electron spectrum in films becomes im-
portant, one expects a nonuniform transverse distribution of
the order parameter �at least, at minimal disorder�. From nu-
merical investigations of the Bogoliubov–de Gennes �BdG�
equations, it was found that below thicknesses of about 10
nm, such variations are significantly enhanced due to
quantum-size effects.17 As known, spatial variations of ��r�
can result in Andreev reflection and quantization of low-
energy excitations.18,19 To some extent, quasiparticles feel a
spatial variation of the absolute value of the superconducting
order parameter as a potential barrier �Andreev mechanism
�AM��. The nonuniform spatial distribution of the order pa-
rameter induced by quantum confinement gives rise to the
formation of new Andreev-type states �NATS�. Contrary to
the usual Andreev states, NATS cannot be completely local-
ized in domains where the order parameter is suppressed due
to the fact that the specimen thickness is much less than the
bulk coherence length. Recently, we found for a clean metal-
lic nanocylinder that the formation of NATS can strongly
reduce the ratio of the excitation energy gap to the critical
temperature.20 The present paper is aimed to generalize our
previous study to the case of superconducting nanofilms.
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Our paper is organized as follows: In Sec. II we outline
the formalism of the BdG equations for films and then dis-
cuss Anderson’s approximate solution of these equations.
Such a solution simplifies the analysis of our numerical re-
sults and makes it possible to formulate a criterion for NATS.
In Sec. III, based on a numerical self-consistent solution of
the BdG equations, we investigate NATS in clean metallic
films with a uniform thickness of �10 nm. Then, in Sec. IV,
we discuss the possibility of observing NATS and argue that
nanofilms made of low-carrier-density materials, e.g., super-
conducting semiconductors, can be a more optimal variant
for experimental investigations of NATS together with other
quantum-size superconducting effects.

II. FORMALISM AND NATS CRITERION

A. Bogoliubov–de Gennes equations

The transverse quantization of the electron motion in a
clean film results in a superconducting order parameter that
depends on the transverse spatial coordinate. To investigate
the equilibrium superconducting properties of such a system,
one should solve the BdG equations21 rather than the
Ginzburg-Landau equations suitable for the mesoscopic and
bulk regimes. The BdG equations can be written as

Ei�ui� = Ĥ�ui� + �̂�vi� , �1a�

Ei�vi� = �̂��ui� − Ĥ��vi� , �1b�

where Ei is the excitation �quasiparticle� energy and ui�r�
= �r �ui� and vi�r�= �r �vi� are the particlelike and holelike
wave functions. The single-electron Hamiltonian in Eqs. �1a�
and �1b� is given by

Ĥ =
1

2m
�p̂ −

e

c
A	2

+ Vconf�r̂� − EF, �2�

where EF is the Fermi level, m is the electron band mass �set
to the free-electron mass me below�, and Vconf�r̂� stands for

the confinement potential. The matrix element of �r��̂�r�� is
directly related to the superconducting order parameter by

�r��̂�r�� = ��r���r − r�� , �3�

with ��x� as the Dirac � function. The BdG equations are
solved in a self-consistent manner together with the relation

��r� = g

i

ui�r�vi
��r��1 − 2f i� , �4�

with g as the coupling constant and f i=1 / �e�Ei +1� �here �
=1 / �kBT� with T as the temperature and kB as the Boltzmann
constant�. The sum in Eq. �4� is restricted to the states with
positive excitation energies �below we set A=0� and with the
single-electron energy �measured from the Fermi level�,

�i = �ui�Ĥ�ui� + �vi�Ĥ�vi� � �− �	D,�	D� , �5�

within the Debye window with 	D as the Debye frequency.
We assume that the confinement potential Vconf�r� is zero

inside the sample and infinite outside. This results in the

quantum confinement boundary conditions for the transverse
z direction

ui�z=0 = ui�z=d = 0, vi�z=0 = vi�z=d = 0, �6�

with d as the film thickness. In the longitudinal x and y
directions, one can use periodic boundary conditions. In this
case ��r�=��z� and

ui�r� =
eıkxx

�Lx

eıkyy

�Ly

un�z�, vi�r� =
eıkxx

�Lx

eıkyy

�Ly

vn�z� , �7�

with i= �kx ,ky ,n
, where kx and ky are the wave numbers
controlling the electron quasifree motion parallel to the film
and n=0,1 ,2. . . is the number of nodes of the transverse
wave functions un�z� and vn�z�. Note that when ��z��0,
un�z� and vn�z� are not the solutions of the one-dimensional
Schrödinger equation for a particle confined in the domain
0
z
d.

To numerically solve the BdG equations, we use the fol-
lowing procedure: First, we expand ui�r� and vi�r� in terms

of the eigenfunctions of Ĥ and so convert Eqs. �1a� and �1b�
into a matrix equation. Then, the numerical problem is
solved by means of diagonalizing the relevant matrix and
invoking iterations in order to account for the self-
consistency relation given by Eq. �4�. More details can be
found in Ref. 17.

B. Anderson’s approximate solution

In Sec. II A we outlined the formalism of the BdG equa-
tions for a clean superconducting nanofilm. In particular, it
was mentioned that the particlelike and holelike wave func-

tions are not the eigenfunctions of Ĥ in the presence of su-
perconducting order. However, as it follows from our nu-
merical investigations, they are close to each other within the
accuracy of less than a few percent for d�10 nm. So, we
can use Anderson’s approximate solution9 in order to obtain
analytical expressions useful to interpret our numerical re-
sults. In the absence of a magnetic field and a supercurrent,
Anderson’s “recipe” reads

�ui� = Ui�i�, �vi� = Vi�i�, Ĥ�i� = Ĥ��i� = �i�i� , �8�

where

�r�i� =
eıkxx

�Lx

eıkyy

�Ly

�n�z�, �n�z� =�2

d
sin���n + 1�z

d
� ,

and �i� stands for �kx ,ky ,n�. Now, inserting Eq. �8� into Eqs.
�1a� and �1b�, one gets

EiUi = �iUi + �iVi, �9a�

EiVi = �i
�Ui − �iVi, �9b�

with �i= �i��̂�i� and
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�i =
�2kx

2

2m
+

�2ky
2

2m
+

�2

2m

�2�n + 1�2

d2 .

Equations �9a� and �9b� have a nontrivial solution only when
Ei= 
��i

2+ ��i�2. The physical �stable� solution is the one
with the plus sign and so we find

Ei = ��i
2 + ��i�2, UiVi

� =
�i

2Ei
, �10�

where the normalization condition

�Ui�2 + �Vi�2 = 1 �11�

is used. Note that as seen from Eq. �8�, �i does not depend
on kx and ky and so

�i = �n = �
0

d

dz�n
2�z���z� . �12�

Equations �10� and �12� make it possible to recast the self-
consistency relation �4� in the form of a BCS-type gap equa-
tion. At T=0, for instance, it reads

�n = − 

i�

Vnn��n�

2��i� + ��n��
2

, �13�

with the pair-interaction matrix element given by

Vnn� = −
g

LxLy
�

0

d

dz�n
2�z��n�

2 �z� .

Solving Eq. �13�, one can find Anderson’s approximate solu-
tion of the BdG equations. Why is it approximate? In addi-
tion to Eqs. �9a� and �9b�, we obtain from the BdG equations

�i���̂�i�=0 for i� i�, which is not always compatible with
Eqs. �9a� and �9b� and, hence, Eq. �13�. Note that Eq. �13�
can also be derived within the multiband BCS approximation
�see, for example, Ref. 22� governed by the Hamiltonian

Ĥmult = 

i�

�iai�
† ai� + 


ii��

Vnn�

2
ai�

† a
ī−�

†
aī�−�ai��, �14�

where ai�
† �ai�� are the creation �annihilation� operators for a

fermion in the state �i ,�� with � as the electron-spin projec-

tion and ī= �−kx ,−ky ,n
. The main assumption of the multi-
band BCS approach is the neglect of the electron pairing
between different subbands, i.e., �ai�aī�−��=0. One can ex-
pect, and this is supported by our numerical results, that Eq.
�8� is a good approximation when

�2

2m

�2

d2 � �n �∀n� , �15�

with �n given by Eq. �12�, i.e., when the transverse quanti-
zation plays a significant role.

C. Criterion for NATS

Now we have everything at our disposal to formulate a
criterion that determines which quasiparticles are successive

in avoiding local enhancements of the superconducting order
parameter. This is of importance because NATS are not com-
pletely localized in the domains of a suppressed order param-
eter. The characteristic scale of the transverse spatial varia-
tions of the pair condensate in nanofilms is much less than
the bulk coherence length,17 and so we cannot expect the
formation of bound states similar to Andreev states localized
in the core of an isolated vortex. Hence, to explore effects of
AM on the nanoscale, we need to invoke another criterion.
As mentioned in Sec. I, AM implies that quasiparticles “feel”
a spatial variation of the absolute value of the order param-
eter as a kind of potential barrier. Therefore, it is reasonable
to work with the mean value of ���r�� that is seen by the
quasiparticles of a given sort, i.e.,

����r���i =� d3r���r����ui�r��2 + �vi�r��2� , �16�

where the quasiparticle spatial distribution �ui�r��2+ �vi�r��2 is
a normalized function due to Eq. �11�. What is the link be-
tween ����r���i and the quasiparticle energy Ei given by Eq.
�10�? Using Eqs. �8� and �11�, one can get

��i� = ����r���i. �17�

The simplest way to prove Eq. �17� is to choose the order
parameter as a real and non-negative quantity, which can
always be done in the absence of a magnetic field and a
supercurrent.

Equation �17� makes it possible to conclude that AM
manifests itself through the formation of the multigap struc-
ture ��n��n�� and NATS are specified by the minimal value
of ��n�. It is worth noting that one should be careful with the
word “gap” often used for �n within the multiband BCS
approach. The point is that even in the absence of a super-
current and a magnetic field, �n can be treated as the energy
gap for quasiparticles of the n branch only when the bottom
of the corresponding single-electron subband �2�2�n
+1�2 / �2md2� is below the Fermi level. This is mostly the
case for quasiparticles contributing to the order parameter
�whose single-electron energies are located in the Debye
window, see Eq. �5��. However, the single-electron subbands
move in energy with changing d and there are situations
when the bottom of a single-electron subband is in the
Debye window but above the Fermi level. In this case
�i�0�∀kx ,ky� and the actual energy gap �E

�n� for the n branch
differs from ��n�;

�E
�n� = min

kx,ky

Ekx,ky,n � ��n� . �18�

Thus, for the total-energy gap �E �as measured in experi-
ments� we have

�E = min
n

�E
�n�, �19�

which is not always the same as minn ��n�.
Concluding this section, we remark that the NATS crite-

rion based on Eq. �17� was formulated in the absence of a
magnetic field and a supercurrent. Its generalization to these
more complex cases requires additional investigations. How-
ever, there are several particular examples �superconducting
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cylindrical nanowires with a parallel magnetic field and su-
perconducting films �wires� with a supercurrent parallel to
the film �wire�� when Eq. �17� is also valid in the case of a
nonzero magnetic field and supercurrent.

III. NUMERICAL RESULTS

As mentioned in Sec. II, the single-electron subbands
formed due to the transverse quantization moves in energy
when d changes. Therefore, the number of single-electron
states in the Debye window strongly varies with the thick-
ness, which gives rise to the quantum-size variations of the
superconducting characteristics with profound enhancements
at the resonant points �for more detail, see Refs. 17�. Such
quantum-size oscillations of the energy gap �E of an alumi-
num nanofilm with uniform thickness d are given in Fig. 1.
The data were calculated by numerically solving the BdG
Eqs. �1a� and �1b� at zero temperature for the parameters
�	D=32.31 meV, gN�0�=0.18, and EF=0.9 eV, where
N�0� is the bulk density of states at the Fermi level. Note that
the BdG Eqs. �1a� and �1b� are written in the parabolic band
approximation and for nanofilms, this implies usage of an
effective Fermi level.17 We remark that to avoid the parabolic
band approximation and usage of the effective Fermi level,
one needs to embark on enormously complicated approach
accounting for the interplay between the crystal directions,
quantum confinement, and superconductivity. The tight-
binding approximation can be a reasonable compromise in
this situation �see, for instance, Ref. 23�. We take also into
account that with a decrease in thickness, EF systematically
shifts up provided that the mean-electron density stays the
same. However, this shift is only significant at d�15 Å. For
the chosen parameters, the bulk BCS coherence length and
energy gap are �0=1.5 �m�d and �bulk=0.25 meV, re-
spectively. We remark that our choice of Al is not critical for
the derived conclusions. In particular, the quantum-size os-
cillations for Sn and Pb are less profound by a factor of 2 but
the qualitative picture remains the same. In addition, we as-
sume the bulk phonons and do not address any issue con-

cerning a thickness-dependent change in the electron-phonon
coupling. Such a change �e.g., an increase due to the soften-
ing of the phonon spectrum24 or a decrease due to charge
spillage25 or substrate effects2� is of no importance for our
conclusions.

The energy gap in Fig. 1 exhibits a sequence of profound
resonant enhancements appearing with the periodicity of
about �F /2=0.65 nm �with �F as the Fermi wavelength�.
The quantum-size oscillations of the superconducting prop-
erties with accompanying superconducting resonances are a
characteristic feature of high-quality nanosuperconductors.
The first predictions about this quantum-size regime dates
back to the pioneering paper by Blatt and Thompson.26 Re-
cently, such oscillations of the critical temperature Tc were
observed in experiments with atomically uniform single-
crystalline Pb nanofilms.2,3 Photoemission electron spectra
measured for the same films demonstrated a solid correlation
of the critical-temperature oscillations with the variations of
the density of states at the Fermi level �see the first paper in
Ref. 2�. Note that the observed quantum-size oscillations of
Tc are well reproduced within our numerical solution of the
BdG equations.17 In addition, it was recently found27 that the
quantum-size superconducting resonances are responsible for
a thickness-dependent increase in the energy gap measured
in experiments with Al polycrystalline nanofilms with strong
coupling between the grains.28 In these high-quality films,
the grain size was shown to have no appreciable effect on the
energy gap.

The resonant enhancements in �E are accompanied by an
increase in the superconducting order parameter being non-
uniform in the transverse direction due to quantum confine-
ment. This results in NATS formation and the sectors, where
NATS play a significant role, are highlighted in Fig. 1. The
most surprising fact is that �as opposed to recent results on
NATS in superconducting nanowires20� here, such states are
only active near the points where the resonances start to de-
velop, i.e., in very small intervals �d�0.5–0.8 Å separated
by steps of about �F /2. The length of such an interval
slightly increases from 0.5 up to 0.8 Å while EF approaches
its bulk limit. The formation of NATS results in a drop of the
ratio of the energy gap �calculated at T=0� to the critical
temperature Tc �see Fig. 2�b��. More precisely, with an in-
crease in d, this ratio first exhibits small oscillations about its
bulk BCS value of 1.76 �see the inset in Fig. 2�b��. Then, it
drops sharply down with a subsequent relatively slow growth
back to 1.76. As seen from the inset in Fig. 2�a�, this behav-
ior is accompanied by a local drop in �E as a function of d.
To go in more detail about the numerical results presented in
Fig. 2, the quantities �n, �E

�n�, �E �calculated at T=0 in units
of �bulk�, and Tc �given in units of Tc,bulk=�bulk /1.763kB� are
plotted in Fig. 3 as function of the thickness. The supercon-
ducting resonance situated at d=10.9 Å occurs as a result of
the passage of the single-electron subband with n=1 through
the Fermi surface. So, there are two relevant subbands in this
case, i.e., n=0 and n=1. As the bottom of the single-electron
subband with n=0 is situated well below the Fermi level, we
have �E

�0�=�0 �see Fig. 3�a��. This is not always the case for
n=1 because, to the left of the point B �d=10.672 Å�, the
bottom of the corresponding single-electron subband is
above the Fermi level. The quasiparticle states with n=1 are

10 15 20 25 30
0

1

2

3

4

5

6

∆ E
/∆

bu
lk

d (Å)

4 5 6 7 8 9 10 11 12 13
d ( )ML

FIG. 1. �Color online� The zero-temperature energy gap �E in
units of the bulk gap �bulk versus the film thickness d of an Al
nanofilm. Sectors where NATS appear are hatched with red lines.
The top axis gives the film thickness in ML where 1 ML
=2.338 Å is chosen for Al grown in the �111� crystalline direction.
Note that the values of the top axis are somewhat conditional be-
cause of a possible shift up to 1–2 Å between the two scales due to
charge spillage at the film edges �Ref. 25�.
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NATS because �1
�0 �see the criterion for NATS in Sec.
II�. We remark here that contrary to Anderson’s approximate
solution, �n cannot be directly calculated from a numerical
solution of the BdG equations. However, one can fit the ana-
lytical expression given by Eq. �10� to the numerical data for
the quasiparticle spectrum. The same result for �n can be
derived by calculating the mean value of ��z� ��n and ��z�
are chosen as real quantities�. Thus, to the right of the point
B, the energy gap �E coincides with �E

�1�=�1. Between the
points A and B the total-energy gap is equal to �E

�1���1. To
the left of point A we have �E=�E

�0�=�0. This explains the
local drop of �E in the inset of Fig. 2�a�. At the same time Tc
monotonically increases with d similar to �0 and �1. Thus,
when comparing �E and Tc in Fig. 3�b�, one can merely
understand the features of �E /kBTc given in Fig. 2�b�. As
follows from our analysis, the drop in �E /kBTc by approxi-
mately 10% in Fig. 2�b�, is due to the formation of NATS.
When d increases up to 10.92 Å and the corresponding
quantum-size resonance fully develops, �1 approaches �0
and the NATS effect disappears. As a result, �E /kBTc in-
creases back to its bulk limit. Another NATS appear only
when the next quantum-size superconducting resonance as-
sociated with n=2 is brought into play. In this case �0=�1
��2 and the quasiparticles with n=2 should be interpreted
as NATS. Generally, every time the superconducting reso-
nance related to the n-subband starts to develop, we have
�0=�1= . . . =�n−1��n. NATS are only active near the point
of the resonance buildup and associated with the single-

electron subband responsible for the resonance creation. This
behavior is very different from the results for nanowires.20 In
superconducting nanowires, NATS are active from the
resonance-culmination point until the next resonance starts to
develop. Moreover, the quasiparticle states associated with
the single-electron subband responsible for a superconduct-
ing resonance are never NATS in the case of nanofilms.

It is of interest to check our conclusions by considering
the transverse spatial distribution of the quasiparticles. Let us
again take the resonance with the culmination point d
=10.92 Å and the relevant subbands n=0 and n=1. The
particlelike and holelike wave functions are coupled in the
presence of superconducting order and, as follows from
Anderson’s “recipe,” they are proportional to one another. It
means that the product ui�r�vi

��r� can provide us with all
information about the spatial distribution of quasiparticles.
This product does not depend on kx and ky �see Sec. II�. So,
if we split the order parameter into two parts, i.e., the con-
tributions of the subbands with n=0 and n=1, each of these
parts will be proportional to un�z�vn

��z�. Thus, splitting the
order parameter in this way, we can check both the spatial
transverse distribution of the corresponding quasiparticles
and their input to ��r�. In Fig. 4 the contributions of the
quasiparticles with n=0 and n=1 are compared to the order
parameter for the two points: �a� d=10.67 Å, the thickness
of the minimum in �E /kBTc �see Fig. 2�b�� and �b� d
=11.1 Å, where �E /kBTc is back to its bulk value. As seen
from Fig. 4�a�, the quasiparticles with n=1 are remote from
the local enhancement of the order parameter in the center of
the specimen. Their contribution to ��z� is minor. The states
with n=0 give the major input to ��z� and, in turn, to the
critical temperature. So, Tc is controlled by the subband with
n=0 �having a larger gap �0�, whereas �E is equal to �1 and
so determined by NATS. This explains the drop in �E /kBTc
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FIG. 2. �Color online� The quantum-size superconducting reso-
nance with the culmination point d=10.92 Å: �a� the zero-
temperature energy gap �E in units of �bulk as a function of d and
�b� the corresponding ratio �E /kBTc versus the film thickness �its
bulk limit �bulk /kBTc,bulk=1.763�.
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versus d.
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by 10% �it is of the order of ��0−�1� /�0�. Now let us turn to
Fig. 4�b�. Here the superconducting resonance is fully devel-
oped and even starts to decay and both the states with n=0
and n=1 make a significant contribution to the order param-
eter. Contrary to Fig. 4�a�, it is difficult to make a definite
conclusion about NATS from Fig. 4�b�. However, one can
expect that a difference between �0 and �1 is now less
significant. Numerical results give �0=�1=1.423 meV at
d=11.1 Å. For comparison, �0=1.511 meV and
�1=1.509 meV at d=10.9 Å.

Surprisingly, the single-electron subband that induces a
superconducting resonance in films does not make the major
contribution to the order parameter �see, for instance, Fig. 4�.
This is opposed to nanowires where such a subband fully
controls the order-parameter �transverse� profile and the su-
perconducting critical temperature. Due to this fact, the
transverse spatial distribution of the pair condensate in nano-
wires is strongly inhomogeneous and changes from reso-
nance to resonance. In contrast, in nanofilms the order pa-
rameter is more uniform and its profile does not depend
much on the resonance in question. This is why the NATS
effect is significantly less pronounced in films.

When increasing d, the NATS effect nearly disappears
when d approaches 6–7 nm. In Fig. 5 the ratio �E /kBTc is
plotted versus the film thickness in the nearest vicinity of the
superconducting resonance situated at d=31.1 Å. It is in-
structive to compare the amplitude of the drop of �E /kBTc in
Fig. 5 to that of Fig. 2�a�. As seen, the drop is reduced by a
factor of 2.5. At d=7 nm the ratio �E /kBTc deviates from its
bulk value only by 1%–2%.

IV. DISCUSSION

As shown above, NATS are active only in extremely
small intervals of thickness �d�0.1�F /2 occurring with
a period of about �F /2 �recall that for our parameters,
�F /2=6.5 Å�. So, the effect of NATS on the ratio of the

energy gap to the critical temperature can hardly be observed
in metallic superconducting nanofilms. This is in agreement
with recent experimental observations3 that this ratio in Pb
single-crystalline nanofilms is the same as in bulk.

Nevertheless, we believe that NATS can be investigated
in superconducting semiconductors �see, for instance, Refs.
29 and 30 and recent papers on boron-doped diamond31,32

and boron-doped silicon33� where �F is an order of magni-
tude larger than in metals. Interest in films made of super-
conducting semiconductors dates back to the paper by
Tavger and Demihovskii34 �see also Ref. 35�. Now this inter-
est has been renewed due to advances in nanofabrication
technologies.36 One can expect that the low-carrier-density
nanosystems are very promising for study of quantum-size
oscillations of the superconducting characteristics accompa-
nied by size-dependent resonances. As discussed above, the
resonant enhancements in nanofilms appear with a period of
about �F /2 when changing the thickness. Therefore, for me-
tallic nanosuperconductors even extremely small size fluc-
tuations of �0.2–0.5 nm will smooth out such resonances.
This is not the case for nanostructures made of low-carrier-
density superconducting materials, which opens up a unique
possibility of tuning the superconducting characteristics by
changing the sample dimensions �and the carrier densities�.
To illustrate our discussion, Fig. 6 shows �E �at T=0� calcu-
lated from the BdG equations for a superconducting film
with the parameters of SrTiO3. This material is good for our
illustration because it exhibits superconducting behavior at
very low-carrier densities of 1018–1019 cm−3 �see Ref. 29�.
For Fig. 6 we use the following parametric set �Ref. 35�:
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�	D=49.7 meV, gN�0�=0.09 �with the electron density of
5�1019 cm−3� and m=5me for three relevant valleys. This
illustrative set is rather simplified, e.g., we do not introduce
anisotropic effective masses. In addition, we do not touch the
complex interplay of the valley directions with the film ori-
entation. Instead, it is assumed that the energies of electrons
in different valleys are equally shifted due to the transverse
quantization �this is likely to be the case for �111� films with
the lattice constant 6.8 Å in the �111� direction35�. For the
chosen parameters, �bulk=0.016 meV. It is instructive to
compare Fig. 1 with Fig. 6. Now we have �F /2=85.6 Å
versus 1 ML=6.8 Å and, as seen from the top axis, NATS
are formed in quite reasonable intervals �d�5 ML. The
increase in �d �as compared to metallic nanofilms� is due to
the two following reasons: �1� �F is significantly larger and,
in addition, �2� �d�0.3�F /2 as opposed to 0.1�F /2 in the
metallic case. The second point is due to the fact that we now
have EF
�	D. A drop in �E /kBTc is found to be about 5%
at d�150 Å �this drop is always in solid correlation with
the amplitudes of the resonant enhancements�.

Note that single-crystalline films made of boron-doped
superconducting diamond are now attainable.36 However, we
remark that possible strong disorder due to boron impurities
can be a serious obstacle for observations of NATS and
quantum-size oscillations in this case.

V. CONCLUSIONS

Concluding, quantum confinement for the transverse elec-
tron motion in high-quality superconducting nanofilms is the

major effect governing the superconducting characteristics
and resulting in a nonuniform transverse distribution of
the superconducting order parameter. Such a nonuniform
distribution gives rise to the formation of NATS being a
natural nanoscale generalization of the well-known Andreev
states. Here we investigated NATS in superconducting nano-
films. Based on Anderson’s approximate solution of the
BdG equations, we formulated the criterion for NATS forma-
tion. Then, by numerically solving the BdG equations and
keeping in mind this criterion, we found that the formation
of NATS can reduce the ratio of the energy excitation gap
to the critical temperature in high-quality nanofilms by
5%–10%. This is less significant as compared to 50%
found in our previous investigation20 of NATS in nanowires
with thickness of about 2–3 nm. Another issue is that in
metallic superconducting nanofilms, NATS can only be
formed in extremely narrow intervals of thickness �d
�0.1�F /2��0.1 nm�. Thus, we expect that films made of
low-carrier-density superconducting materials are more
promising for the observations of NATS and other quantum-
size superconducting effects.
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